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AKSriWCT 

rtüs   pjpi-r  dfJls  with   tlM   iiL-rativi-    ...lution  ol   noil-1 iiif.ii   B^IMtilMM    H»)   ■   ••     Ml   ttmmUmt 

(•; i 
MUc^raL   nuormation  on   I   which   la   giVM  hv   :!>.„'. 1 ''„' 1    '   («,)   Mrf        Ktldt.     Hi  d.-tim-  an   inlor 

po lauirv-intL-Kial   method  which  ust-s   inle>',r.l   i mat ion  and  which  h.o IXHWl   order  ol   convergence 

(I i 
eipia 1 to  »H.     Since   the  luaximal   order  ol    iterations  which  use   l(x   i,...,l (x..)   is  equal   to   s+1 ,   the 

additional   inlormation  |i«Mi  l>v   the   integral        Mlidt    increases   the   order  hy   two. 

I.     mMNCTUM 

We   consider   the   solution  ol   tlie   nonlinear   scalar  equation 

(1,1)       Hxl   -   Ü. 

where   t   is  a  complex     tunction  ol   complex   variable. 

Inmost papers which deal with  stationary  iterative methods  for   (1.1)   it   is  assumed we know  the 

standard   inlor-.at ion   lor   1    I Wozniakowsk i      7Aj) 

where   s   .■   1   and   x     is  an  approximation   to   the   solution  Or.      Hie  maximal   order  ol   convergence  ol   such 

methods   is  equal   to   ;   •♦   1    (Traub   , bV,  Wozniakowski     7*   ).     We   raise   the   questim  low  other   types   ol 

inlormation  can  tie  used   in   iterative   processev  and  what    is   Mie  maximal   order  ol   convergence   lor   this   in- 

formal ion. 

This   paper   deals  with   integral   inlormation which  consists  ol   the   standard   inlormation S    and  addi- 

tionally   the  value   ol   an     nlegral.      I'hus 

(1.2)    *_, . "   r',x(,> f      <«J>I "l] lit1 
-l. 

Wliere   v,    is  a   complex   number   delined    in   Section   1. 

in  Section  2  wr   deline   an   i nt erpol at orv   -   integral   method    I which  MMI   integral   inlormatio.i 

^ to estimate   a  and   in  Section   /   M   prove   its  order   lor   I        I    is  maximal.     Sections 4,   3  and   I   con- 

tain   theorems   about   the   convergence   ol    I . 

Wozniakowski      M     delined   lor   the   generalized   inlormation "1 M  order  ol    inlormation  p(9)   and   proved 

it    ll   eqtial   lo   the  maxiral   order  ol   converge.... c.      In  Section  V  we   prove   that   lor   I   I   1   and   lor   suitable 
' I) 

I    I.     Since   pTI   )   =   ■;♦!,   UM   adilitional    inlorn.ation  given  bv 1(1.dt   increas- chosen  y ,,   p''.'! I 

es   the   or. er  ol    inlonnUion  bv   two.      Kor   systems  ol   nonlinear  equations   similar   mttttl   can  be   proved 

and  will   be   reported   to  a   luture   paper. 

      ■  — 



INn.KI'iM.MdKi    -    lim    AL   1 rKKAilVi;  MKTI1UI)   I 

l.ct  us  eatMltBt  the  solution oi   the nonlinear equatlon, 

(2.1)     t (>.'  ■  l), 

where   hl - C i   •   ts  an "P6"  s"t'!iet   "t  (T .  (E  denotes  the  set  of   complex    numbers.     Let  or f. D be  a 

ilmple  zero ol   I, f (•) a t ^   l'i-/).     An   interpolatory  -   intogral  metliod   I,       is defined as  follows. 

Let   x,   l>e  an approximation ol    ..     We  assume   that   the   Information on  t   is  ^iven by 

(2.:)    71  ,       •« ,        (x.;t)  -   {f(x   ),...,f   *'(*  ), J       f(t)  dtl, 
yl 

where  y    depends  on  x   ,   llk'(x   ),  k  =  0,1 s,   y,  4  x.   and   is  defined   In Sectioi 3.     If  s - 0  then y1 

can depend  on x   ,   fix   ),   x     ,,   l(sia|)<     T*16  value ol  f| wil1  be  chosen  to maximize   the  order of   Itera- 

tion. 

CC\ The Information consists of the standard Information given by fCx^ f  (xj and additionally 

the value ol the Integral.  Next, let w. be an interpolatory polynomial of degree at most s +1 such 

that; 

(2.3)  w,  (x.) - f   (x) 
i    1 1 

k " 0,1 s, 

I i 
(2.4)  f  w. (t i dt =■ '   Ht) dt 

w. exists then the next approximation »... in I j s method Is defined as a zero of polynomial w.. 

(2.5) wlx, + ). = I, 

with  a   criterion  to nake   x 

x 
C'.bi      r(l) ■ |     1 It i   <lt , 

ft 

unique.     We   shall  now  prove  that  w,   exists  and   is unique.     Let 
1*1' i 

and   let  g,   he  a  polvnoni.'!   ol   degree  •• s  -t   2   such  that 

(2.7)     g^y.)   =   My.)   =   0, 

(k) (k) 
(2.0)   I!   («J " I      <»£>•      k ■ ,,.| s+1- 

llms,   g.   is  a  llermite   interpolatory  polynomial   lor  K.      The  assumption  y.   4  x.   implies   the  existence   and 

the  uni'pieness  ol   g.     Set 

(2.9)     w . ( x )   =  g'. ( y i. 
i i 

- ^^^^--H^gjj-n—jg—^m- 
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Then  U',3)   af>J   UM  a're  satislied wtutli  conipletes   the  pruul. 

error  tommla, 

Moreover,   1 roin   (J.Ö)  and   (2.9)   follows  an 

(2.10)     Kx'   -  «.(x)   -   (a   -   fj ux - x.)      (;,(x) 

where 

(2.11)   8.00 - 9A*tt) - f f... f*a ,,8+J'(WVV ' 's+r 1 o ti       o 

(a - «j» it,  ... dtst). 

Dlf.eron'iating  (2.10)  we  get   1rom   (2.11), 

(2.12)     t(xi   - w,(xl  -  R(x) 

where 

K(X)   -    K(x,f)   -   (x   -   Bj)**1!   (s+2)(x   -   y.l   f B - «j]  C.(x)  +  (;'(X)(x   -  x.)(x  -  fj), 

3.     UKFINITION OF  A  LOWER   LIMIT Of  IM   INTl.CKAl. 

We want   to dellne  y,   to niaxlmize   the  order al   I   .    ,.     Setting  B ■ « U  (2.12)  we  have 
1 ■ ' is 

( 3.) I      -  W   ('->)   -   K(i) 

Let us  assume   lor a moment   that w.   h.is  a  zero  x.4)   sufficit-nt'y  close  to a  simple  zero or. 

W    (3,) . 

x .   -> .   .   Jt.  +  0((x,    ,-■»))■   l)(N(l>)) 
i+1 WM"/) i4l 

1 

We   see   that   the  order  of   iteration  depend-:   mainly  on  l(«).      ll.ereiore  we   shall   choose  y.   to minimize 

K('y)   in  a   certain   sense.      From   (2.12) 

0.2)     K(-,i  -     I , - x   >       ■'   (s+2)(a - y.)  + n - x.    0.(«)  + CHorX« - B )(« - y ). 

As C.(f>) and G'(/) are in general unknown we want lo minimize 

(3.3)     max(|(s  +  2)( , -  y. i  ^ • • a.11 i (• • a ) (a • y.)|)< 

One  can  ve .•rify  that   the minimal   value  ol   ().')   is   tor  y.   e'iual   to  y 

(3.4)    y ■ • 
s + 2  -t     -'  "  x; 

 • J 



A. we do  not  know  a we  have   to  replace   it   l,y an approximation  to  ,,   z,   wl.lch depends  only  on  tl.e  stan- 

d.rd   infor^tion.   z.   =  ^(x..,,,<.) 1«^),   ani  z.   ^  „..     „ , . |   t|len  ^  ,  Z . (x . _, .f (x^,) .x1 .f (x^X 

We  detine  y    ai 

(3.5)    y, ■ «. + i ' xi 1   i   s rn \z. 

It  can be  proved   that  one   can drop   |Z.   -   x.|   in  the  denW„inator without   the  change  ot   the  order. 

Fl .ally,   y     Is dcllned  by 

(3.6)     y    - «    + 
Zl   '"I 

1 i        s + 2     - 

Hence,   from  (3.6)  and   (2   ^2)  we get 

(3.7)     f(x)   - w   fx)  »  R(x) 

for 

>s+l (s+3)(x-z   l  + x. 
R(x)   -   K(x.f)   -   („   -   x   t8"' f(s+3)(x   -   . )   G((x)   « G;(X)(X   -   x   )- 1 L -i_  I 

1 ill 1 s + 2 ' 

where wi   Is   the   interpolatory  polynomial  defined   in Section 2. 

4.     THE   CONVERGENCE   OF  THE   ITERATIVE  MET110U   1   ,        FOR   s   ?•  1 
-'s 

In  the   previous   section we  have   MM  that   the  order of   iteration mainly depends  on 1(a).     From 

(3.7) 

, s-t) K(ar)  -  (fl -  x.)        r(s+3)(^ . z^  c^y) + QW,)^ .  - 
(s+3)(a-z1) + x.-a 

8   +   2 

fience,   to assure   the .naximal  order  of    1   ,   ^   lor  s    ■   i   it  sullices   to  define  approximation z.   using l.s 

Newton method 

(■) (4.1)     Ij   -     z,(x.,!(>:., l,K':x()) 
Kx.) 
 I 

1   '   f^x.) i   =  0,1,... 

Jlieorern   1 

If  s  ^  1   and 

I»     I is  a  continuous   lunction on K(r,,Ki  where 

tM = i) ^ r'(rt 

K(„,R)   -    fx   :    |x   -   ^vl    Si),   R  =   K(|~)   - i ;, 

wtiere   the  constant   C   is  defined  below. 

'fr'.'ftt r.lj 

/ 

 ~~. I Mli^MMllMlii«a*MiMM^iMMBI Ifl     ■        - -      -----   



1 ' ' " 

2.  a real number |   0 Is such that 

2  M., 

Mn      '   and      F        I       wt'ei 

for 

M -'M     -, 

MH-^ari-UHcn TT^IT^TTTV: (s x -ixi ^ er > ^ 2r 
s + 2 

v,   -   UrfljMiJl   M.   -       sup       il(1)(X)| 
xCJ x€K(a,K) 

i  ■  s+2,s+3; 

M, - sup  | rOO | ;  C - CCp " J1 JT 
X'.l ", .ir' 

3.     x.  € J    where  J "   {.x   :   |x  -  o|   c  \    }   , 

then the  sequen-.e   [x. 1    generated   In   I has   the   following  properties: 

<l)     x.   i .1,  Vi, 

i+t 
(It)    xi+]  - a " A.(xi  - id      . *l 1 

where 

|AJ   i A     Vi,  and 

,»+1 

• ■ ^-r- - - fek - fe ■ '"i";:;n';' 

(iii)     lim  x.   =  ^ and 

Xi+I   '   7 

lim      7-r ■   li where 
\*m    (x,   -   ,1 s+) 

I ■ I -1) 

Proof  ul   (i 1     (By   induction). 

Let  us  assume   that   x,   •    I.      From   (l.M)   w, (y. I   =   |   ilf   x  =   ll(x)     where 

(A.2)     H(x) 

-'*   t   —.— K(x) 
I (x.) 

• ' rrr-7 «('») f' (1) 

u . i 

if x = -v 

■   ■---■■ ------- -.    .       - 



Now,   using   (4.J1,   i\J),   (2,11)   dud   onditii HI   .    DM   CM   vi-rilv   lli.'   tin-   .is .unipt ii>ii;.   ol   the   Krouwer   lix- 

point   tln-orer.i   liold   tor   H   in   the   set    I.      Ileiue,   tliere  exists   x   t   I,   such   that   w   (xl   =»0       So  y. f  J 
i i+1 

atvi,   hv   induction,   x.   ■    I     i   =  0,1,.,. 

i'rool   ol    tin 

From   (■i.-'i   and   (t.7)   we   get 

'1+1 Kx.    , I 
i+t 

K(x1 + I)        i   -   (-,!,. 

rtieretore 

(4,1)     x,   ,-,-A(x.   -a) 
1 + 1 ii 

s+) 
whe- 

(4.4)     A. 
f(Xl+r 

ifL>r C.     Gix.^,)  + 

i + l 

["if • 
Jtl .  c e,)   i   1   -  ^*1 

i   i/ e , 

where  e.   ■ «j "   -.  and  C.   satisfies   tlie   relation 

7i   -   ■'  (:i(\  *   -''     ' 

An tipper  bound  on A     om   can  lind  using  an assumption  i?  and   (-'.ll). 

ITnot     ill      Mill 

I rom   l>4. i i   and   ( i ) , 

and   tints 
"ill   "   ai    '   A'xi   '   ^ 

i+3 

■+2 
'i41 - .i - «A r  )l+lix M        VI 

rs+/ 
1 ,   and   hence. 

1 im   x     ■   t, 
t 

finally   t roni   (♦,3)   and   (4.4)   it   can  he   shown   t'at 

1 im   —■ =   1 mi       A .   = 

which   iiHhpletes   the   prool   ot   Theorem   I, 

. ■— » i ^^  M^^. 
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In general.   I   is  no.  e.uat   MM   (se.   point   (iii)  which MMi  that  .s+3   is   the  order  of   the   inter- 

pol.tory  -   incegr.l .ethod   I.,>s   for  ,    •   I.   (Tran,.   [Ml.  WonU^owski   1741).     Note   that   iterative meth- 

od, which use  only   the  standard   in.onna.ion   .U,, .(S,(x.)  have  orders  at  most   sH.     Additional   in- 

fom-tion given „y f1   «tHt   U.MMM   the   order  o.    I.1>s  l-v  .wo.     The usa.e  of   the   1.,^ method   in 

practice   is  proiit-bte   it   the  evaluation  cost   o.   the  vah.e  ol   integral   is  approximately equal   to  the 

evaluation  coat  ol   function or   its  derivatives. 

5.     THE   CONVEKGKNi:K  Of  Tilt   !_,   | Ml.THOR 

Now.  we  assume  s  -  Ü.  which means   that   the   information  is  of   the   fonn; 

-1.0 

x ■ 

ft(x.),   <'1   l(t)   dt]    where  y.   "  zi  
+ T 

Note that we cannot now define z.   by the Newton method as -e 

tive.  Let i. i^e given now by the secant method, 

do not know the value of the first derlva- 

(■j.l)     *    - * 

X        -    X .     . 

J ul f(xJ)    m . 
1        "l   '   f(x.)   -   ffx.,) i 

In this case,   the  interpo'.atory -  integral method   1_)(U  is a one-p oint method with memory   (Traub   [6A]). 

Theorem  2 

If 

1.  f    is a continuous (unction on K(-v.K) - [x: |x - ^1 - l), where tM  - 0 / f'(a) 

K   -   K( n, „ASE^LT. r 

where   the  constant   <:   is  detined  lulow. 

2.     a   real  number   [ 0   is   siuh   (hai 

where 

lor 

'   •   lil]-)       1   and '. 
1 

M.,     >U 
^Y, = LK, ♦ en • t^rft^r* (:r > ♦ MJI 

vi 
2       24' 

(i), 

xf J 

M,',   =   sup 

W|-ÜW.|.H-       sup       |lU'(» 
"    ' ' xX(-„K) 

) i 

1 

t*M\t <: = C(|   ) = TTT 
X'.l 

/     M;    S 

■Mte^^^MMMM^BMMk.  ■  
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I.     \{i,   x)   •    I    wlieru  J -   (x:   |x  -  a|   •■  |   J,   then  the  sequence   fx, ),  generated   in   1 has   the  folU 

ing   proport ies 

(1)     x.   •    I i   =  11,1,. 

(ill     x 
i + l Ai<Xi   "   »>     (XI-.   "   <* 

where   |A. |    •   A       i  "  0,1 ,.. .    , 

kmL.   .oufi  + t:>  / + ^ I XI   + cf)  + 2)1, 

(llil      lim  x. and moreover 

Xi+1   -  * lln  B3  
I-« (■    .  R)  (s.      - a) 

B      where  H , ifCbm 4 if^v   • 

(lw)     1 im ^1-    ^   -   H^    w 
i-   |Xi   "   »I 

here  p =   1   +    ? 

Ihe   prool   ol   this   theorem   is  omitted   since   it   is   similar   to  the   prool   of  Theorem   1.      From   (iv)   follc 

r 
inat   }   *     J   is  the order  of  the   interpolatory  -   integral method   1 

-1,0' 

fa.     IHi;   CONVERGENCE OK  T11K   I  .      (CTHOb FO« NULTIPU ZEMM 
-1 ,s 

Let us now assume that s ■ 1 and t  is an m fold zero, i.e.. 

«•) - !•(•) - .... ■ t(m-])(-.)  = o 4  f(m,('v). 

where n • s. 

Ttie   inlon-iation   is  given hy 

•1, 
[ti*.),   fix   ) 1   s   (x.),    f1   f(t)  dt1      whet 

z.    -   X. 

'   ■    ,-'        lor       z.   -   l       (x.;f) 
^  +  2 i 0, s     i i i 

The   notation j  ,   'Xjil1   is  used  hy   Irauh     b4     and Wczniakowski   [73],     The  character  ol   convergence  of 

the   t   ,       method   in  this  case   is  given  hy   Iheoren.   1. 

liieoren   ') 

1 I   ■   >  !   and 

(s+j) 
'.     I is  a  continuous   tunction on K( ,,IO   =   fx:   |x  -  Ml   ■   Hi wher 

.       ■■■■■■■       ■ I I   II    lÜI     !■ I      I mm  -  
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S+tll 

where   the  constant  1)  is delined below, 

a  real  number   \ Ü  is  such  that 

(i) rm 

where 

Mf)     '• 

ttlj Al »±i 
n 

(8+3) (f + ^r  ) + zf 

v    "   Inf 
x> .1 

f^x.) 

(x  -   -,)" 

i,(s+1) ,   , i 
Mg+1  -  »up   |f '(x)] 

x€J 

M    -       sup |f(l)(x) 
X(K(D,R) 

1  -  s+2,   s+3, 

s+1 

'Vm(S+n: M }- ^i- 
i - —«*i— ■ «ri ■ 1     v (S+D:     

U| ' 

and 

(It) 
/M 

^ 

s+1 
(s+nii 

tf] s+1 • 1 
m r   m 1, 

1.     x0   f  J,   .1  -   (x:    |x 

then 

n 

d)    ut '   :,  i = o.i,... lim    B • • • 
i 

s+l+p 

(II)      |x 

Moreover 

i+1 ' i   '   i 
where   p =  num ,t), 

A .    •    A, 

,   i    s+1 s+1 J    -—-p 
s+1 

i— ±LLJ    "P H M 
n/T,T"(r  m        ,,  ,n .    .   ,..        s+2 r2-p    ' s+3 

-1 
2   (s+3)(l + ür   m       )  + A 

s   I  I 

  I   I   ■■IIIM» .    .  .  .. _.- ^^-^- «^--aMa^BM« ■M 



(Ill)     Um 
'i+1 

l«i - m 

s-H+p 
m 

-  I    where 

.«/ 
f(m)(tt)| 

a^- P.oV|f(m)(a) 
[ilÜÜM 

.(8+1)1/ ( 

«Wlw Üg^iätj 
s+2):       ^-p,o     (s+4): 4 

0       if       1  f  0 

1.0 
1       If       1-0 

(Iv)  p(m) ■ (s+l+p)/m Is the order o convergence of I .  method for ra multiple zeros. 

The proof of this theorem Is omitted since It Is similar to the proof of Theorem 1. 

7.  MAXIMAUTY OF 1 
-l.s 

Let  I .       be a class of  staticr.avy  iterative methods ■  ,      which use  Information | .       and which 
-1,s -1 ,s -l,s 

have well  defined  order  p(tji )   (Wcznlakowskl   [T*]).     Irom  Theorem   1   it   follows   that   the   Interpolatory- 
-l,s 

integral method I ,   belongs to Y    , s ? 1. 
-1,8 -l,s 

Now we shall prove that I .   has maximal order In the class | .  , I.e., 

p(I | J ■     sup    p(-p   ). 

-l,s  -l,s 

Woznlakowskl   [74]  defined   (Definition  7)   the order ol   Information ,.(?)  and  proved   It   Is  equal   to  the 

maximal  order.     Thus,   it  suffices   to  show  that   in otir  case 

"O-l^-^-l.s^ 

Theorem 4 

Let 71 ,<•), = i.   tm.it) = [H*A f    'x,), r tw **)* ior any fi * r«<««t««i) r^c««». I,S-I,S1 1 1« 111! I 

Tlien 

z .   -  x. 
If  s   ^  1   nnd  v.   ■  z.   +  1—^—  tor  z.   =  x 

•(9 ,     )   •- s + 3. -l.s 

f(x   ) 

s  +  2 i if   (x  ) 

then p(?l  .     )   "  s  +   i. 
-l,s 

Proof 

Let X   be   the  class  of  complex   functions  of  complex  variable which  have  a  simple  zero  and which 
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are .n.lytic   in  the  neiKhLorhood  of  .  (see  üeHnitlon  1   in WozniakowsWl   174)).     We  rec.U   the definition 

of   the  order oi     .iformation.     Lei   f  ( J" and   ,'j   ]r    ^ „here 

Ua)  - 0 

(7.1)     tgimji  -  0.     i -  0,1      Hm    a.   =  r>. 

(7.2) II.    f<
k)(.)-g(k>(a).   forkDo., iC^.ifal-t. 

Next   let us assume  that 

(7.3) l.|t#0lt.f)  » «.^.(«^V       Vi. 

where   fßj is an arbitrary sequence converging to  ..    Let », be an  Interpolatory polynoo.1.1 of degree at 

most  s +  1  defined as  follows: 

Thus 

I  ,     (x^ .w^)  - 3t (x    f ■) wi 
-l,s     1*   1' -1,sv   1'     • • 

f(x)   -  f^x)  .    f(x)   - w^x)  4 w^x)   -  f^x)  - R(x.f)   -  |<»#f ), 

From it and from (2.12) It follows 

(7.4; • -•j« 0((f(a) - f^o,',) - 0(|R(7.f)| + ||(«(C )|) . 

- 0( « - x, 
|S+1 

'ST2)(O,  - y.) + c - x.| + |ft - x1 
s+2 

I« - yj) 

•Moreover,  we   shall   show  that    MM hound   is  sharp.     Let  C be a number defin, d as  follow.: 

1      if      lin,    L = . _L 
1^    • • «| s+2 

Let 10       otherwise 

. s+l+r 

where 

hl(x) = <x - «t) f* - b.)      t« n.i,... 

Setting 

(s+2+r)   y,   +  x, 
h.   ■      i i. 

i s +   ) +  r 

(7.5)    f.(x) - f(x) + ii.(x),     vi 

lor any  function  t      J\   (H ,)  -  0,   t . (^. )  =  0) 
can verify that  conditions   (7.1),   (7.2)  and  (7.3) 

hold.     Next,   there exist   constants  C        0  such   that   Itm C ■ C      0 and 

II 

...   •"■-■III.     I       -  -—- 
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(7.i)     |a -  »jl  - cJfCa,)  -  .ye)! - Cjl« - x.|s+'+'  |« - b 
ii     TTiTc |a " "i1 

is+l+r 
is-^2+Q)(a:yiHy-xi 

wuich  provus  tliat   (7.4)   Is  sharp. 

From   (7.4)   and   (7.t>)   it   lollows   that   lor anv v.   the order ol   information  p =  bM )  exists       let 

us  assume   that   p       s+).     Let   e       0  be a number  such  that  p  -   c       s +  J  +  £.     For  t   and   [f   \ given by 

(7.5)  we  get   from  (7.6): 

+ "       lim  sup 
Or  -   Ot. 

|x.    -   -y 
p-£ 

1 im  sup 
xi   -   ■ , 

I s+3-re 

which   is  a  contradiction.     hence  p  t s+3   for any y.   =  y^x^f (x^... f(s) (x^ .     Now we   shall   show  that 

the above  estimation of  p   Is achievable  for  s  i  1. 

Indeed,   setting 

z.   -  x 
y        ,    z        +    -i 1 
yi 1 .+2 ' zi ^ xi  '  f'(x.) 

wu   liave 

a - y 
11m  i- 
i J_  T   -   X . 

--      (soC-D. 

it   is  easy  to '"rify  that   'rom   (7.4)   and   (7.6)   ft  follows 

p(71_ljS)  -s  +  3, 

which  completes  the  proof of   Theorem  3.      ■ 

From  Theorems   I   and   3 we  get 

'■orollary   1 

BM interpolatory - integral method 1     is maximal, i.e.. 

""-i.s'^-l.s'- 
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